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A recently introduced density matrix picture for dipolar effects
in solution NMR (1996, J. Chem. Phys. 105, 874) gave complete
solutions for intermolecular multiple-quantum coherences for sin-
gle-component samples without scalar couplings. This paper, for
the first time, shows that this quantum picture can lead to explicit
signal expressions for multicomponent samples of molecules with
internal scalar couplings (here assumed to generate a first-order
spectrum) and long-range dipolar couplings. Experimental obser-
vation of a triplet in the indirectly detected dimension for a hetero-
nuclear CRAZED sequence (**CHCI; sample, ZQ or 2Q coher-
ences) gives clear evidence that the coupling is due to the intermo-
lecular dipolar coupling. We also make comparisons with classical
pictures which introduce the dipolar demagnetization field in

multicomponent spin systems. © 1997 Academic Press

I. INTRODUCTION

Nonlinear effects in solution NMR spectra have attracted
considerable interest recently (1-20). These effects are
commonly interpreted using two superficially quite different
pictures. The first explanation (2) invoked the dipolar de-
magnetizing field, which was originally added to the Bloch
equationsto explain multiple echoesin a continuous gradient
(21-27) and recently corrected (12). The dipolar demagne-
tizing field arises because of intermolecular dipole—dipole
interactions—the dipolar demagnetizing field at a certain
position is the overall sum of the local fields generated by
all the spinsin the sample. If the spin distribution around is
isotropic and spherically symmetric, this field is negligible;
if theisotropy of the spin distribution is broken (by applying
afield gradient or by a nonspherical sample), the demagne-
tizing field becomes significant. The dynamics which are
calculated using modified Bloch equations that include the
dipolar demagnetizing field are inherently nonlinear in terms
of the magnetization, making the dynamics nonlinear and
highly nonintuitive.
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Alternatively, it is possible to write a density matrix treat-
ment which explicitly shows the origin of the cross peaks
in intermolecular multiple-quantum coherences (iIMQCs).
This‘‘quantum picture’’ (3, 11) discards two main assump-
tions of NMR theory—the high-temperature approximation
and the neglect of intermolecular dipole—dipole interactions.
The original paper (3) examines the second-order term in
the expansion of the equilibrium density matrix and showed
that iMQCs could be converted into observable signas if
some conditions were met. This quantum picture was later
greatly extended to give a complete solution, completely
omitting the high-temperature approximation (11), although
only uncoupled spins were explicitly considered.

This paper, for the first time, shows that the quantum
picture can lead to explicit signal expressions for mole-
cules with internal scalar couplings (here assumed to
generate a first-order spectrum) and long-range dipolar
couplings. Here the specific application isto the HETER-
OCRAZED sequence (Fig. 1) first demonstrated in Ref.
(17), which detected *C—'H intermolecular two-spin
operators (1,S,;) present in the equilibrium density ma-
trix. The quantum pictureisvery intuitive for understand-
ing this sequence. Two-spin operators are rotated by a
single 90° pulse into coherences 1S; = (Ii'S +
IS7 + 17S" + 17S7)/4 which evolve at the sum of
the resonance frequencies (about 5/4 of the proton reso-
nance frequency, since yc =~ yy/4) or the difference
of the resonance frequencies (about 3/4 of the proton
resonance frequency) during t;. They are transferred by
another 90° pulse into two-spin, one-quantum coherences
such as I, S,;, which are converted by the dipolar cou-
pling into observable magnetization |, during t,. The
sum-frequency term can be retained by a 4:5 gradient
echo; the difference-frequency term is retained by a 4:3
gradient echo. A classical calculation for this case would
be quite involved, since scalar couplings cannot be cor-
rectly treated by the Bloch equations, and is far less intu-
itive: nothing evolvesduring t; at 5/4 or 3/4 of the proton
resonant frequency, yet the nonlinearity makes a signal
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FIG. 1. The heteronuclear CRAZED pulse sequence, used to observe
intermolecular heteronuclear multiple-quantum coherences in solution. A
90° pulse simultaneously given to both spinsis followed by afree evolution
time t; and a gradient pulse of strength G and length T. Immediately
afterward, a second 90° pulse is given to both spins at once, followed by
a second gradient pulse of area nGT. Detection of one spin occurs in t,.
In real experiments, a portion of the first gradient pulse is applied at the
beginning of the t; period to prevent radiation damping from rotating the
concentrated | spin. For intermolecular *C—"H multiple-quantum coher-
ences, a ratio of +3/4 selects zero-quantum terms and a ratio of +5/4
selects double-quantum terms.

emerge during t,. Aswe show below, internal scalar cou-
plings increase the number of pathways for generating
multiple-spin operators, but still permit analytical solu-
tion for the time evolution.

Il. THEORY

The principles of a density matrix treatment for intermo-
lecular multiple-quantum coherences for a single-component
sample with uncoupled spins (e.g., the double-quantum co-
herence in H,O after a double-quantum CRAZED sequence)
are described in detail in the paper by Lee, Richter, Vathyam,
and Warren (11), whichwewill call LRVW in what follows.
We will extend the procedures to calculate the signal from
the intermolecular heteronuclear multiple-quantum coher-
ences in the presence of J coupling. The pulse sequence for
the heteronuclear CRAZED experiment is shown in Fig. 1.
For simplicity in notation, we will consider the simplest case
of a ®CHCI; sample, where *3C and H spins are J coupled.
| and S denote two different kinds of spins (I = H, S =
3C), and we will assume that the proton signal is detected
in the detection period t,.

The secular part of the Hamiltonian for this spin system
can be represented as
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N
Hifi = 3 (Awls + AwsSs + 27J15S5)

+ (3D}1al; + 3D°S:S,)

Mz

2D, S, [1]

-Mz-Mz
-Mz-

The first part is the contribution from the Zeeman effects
and the J coupling. The second and third parts account for
the contributions from homonuclear and heteronuclear dipo-
lar couplings, respectively, where the dipolar coupling con-
stants are defined by

D's = o yiysh 1 — 3 cos?h; |
Vo4 4 rs ’

Ho yl_zﬁ 1 — 3 cos%;

D! =
' 4 4 rs

(2]

r; is the separation between spinsi and j, 6; is the angle
between the internuclear vector and the main magnetic field,
and i, is the vacuum permeability. Note that the homonu-
clear part of the dipolar Hamiltonian excludes terms like
I; - I; for the same reason as explained in LRVW.

The explicit expression for the equilibrium density matrix
without the high-temperature approximation can be written
as (11)

peg=2" NN I_I (1-J05) X |_| (1-3sS0)1, [3]

where §, = 2 tanh(%w,/2KT), Js = 2 tanh(Aws/2KT ), and
w, and ws are the Larmor frequencies of the | and S spins,
respectively. The indices i and k run up to the number of |
and S spins in the sample. Applying the first (7/2), pulses,
each z magnetization is rotated into x magnetization, giving

plt=0) = 2] (1 - Jila)
X 1 (1~ 3651
k

N M
— 27(N+M) z z(_l)n+m

n=0 m=0

[4]

The terms proportional to J'J ¢ are (n + m)-spin operators
of the form
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which contain the intermolecular multiple-quantum coher-
ences. For example, the operator | ; S, connects states sepa-
rated by both a proton and a carbon spin flip, and evolves at
the sum of the proton and carbon frequencies. For a **CHCl,
sample in a 600-MHz NMR spectrometer (ys = v,/4), this
term will evolve at approximately (600 + 150) MHz in the
laboratory frame during the t; period, generating terms
like l; S.

Multiple-quantum coherencesin Eq. [ 4] can be converted
into the observable signal in the following way. For the
heteronuclear 2Q coherence | ,; S, the second (7/2), pulse
converts this multiple-quantum coherence into the single-
quantum coherence of | spin (l,;Sk). The dipolar couplings
during the t, period can strip off the S, operator, giving
observable 1-spin 1Q coherence. The precession frequency
during the t, period will be close to 600 MHz. The gradient
pulses before and after the second (7/2), pulses should be
set to 600:750 = 4:5 to select the coherence transfer pathway
described above. In general, two gradient pulses function as
a multiple-quantum filter. A coherence evolving with the

The resulting density matrix can be written as

p(ty) = 27

<n|

erl[
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frequency of n times of the detection spin frequency during
the t; period can be transformed into an observable, if we
apply two gradient pulsesin the ratio of 1:n. In the rotating
frame, when we detect the | spin at thet, period, all multiple-
quantum coherences that had frequencies {(n — Kk(ys/
v1))Aw, + kAwg} at the t; period could be rendered an
observable single-quantum term by the intermolecular dipo-
lar interaction. We will closely follow the procedures in
LRVW (which handled only the single-spin case), and ex-
tend it to the heteronuclear case including J coupling. A
derivation for the homonuclear case in the first-order spec-
trum approximation would be identical.

During the t; evolution time, each spin operator evolves
under the Zeeman interaction and the J coupling, using the
standard transformation rules for evolution under scalar cou-
plings in NMR (28):

e—lJijlziIthIXieljijlziIth

licos(Jit/2) + 2l,lzsin(J;t/2)

2l,l5c08(3t/2) + lyisin(J;t/2)

e il eMilaat = 1;c08(Jt/2) — 21,14sin(J;t/2)

e Mila%2) ;1 et = 211,5c08(Jt/2) — lisin(Jt/2).
[5]

efi‘]ijlzilzjt2|xi Izjei.]ijlzilzjt

1 — Jlgcos(mdty)cos(Awty + yGTs) — Ji2lyiSisin(wdty) cos(Awty + y,GTS)

1 — JsS«cos(mdty)cos(Awdty + y<GTs) — I2Silasin(mIty) cos(Awdt; + VSGTSK)} [6]
— JsSkeos(mIty)sSn(Awdy + ysGTs) + ILSulasin(rIt)sin(Awdy + y<GTs) ,

where Aw, and Aws represent the offset resonance frequencies of the | spin and S spin in the corresponding doubly rotating
frame of reference. 5 and s, represent the positions of the ith | spin and the kth S spin along the direction of the field
gradient applied during T with the strength of G, respectively. Note that S, is the S spin operator J coupled to the |; spin
and that 1, is the | spin operator J coupled to the S, spin.

Applying the second (7/2), pulses, we get

p(ty, tz=0) =27 (W

o 1+ Jilacos(mdty)cos(Awty + ¥, GTs ) — Ji2ly Sesin(w dty) cos(Awity + y,/GTS)
|_I| - S| |y,COS(7TJt1)S|n(Aw|t1 + ')/|GTS ) — ,C\VS|2|Z|S(|Sn(7T\]t1)Sn(AW|t1 + ')/|GTS )

<[]

k

[1 + JsSkcos(mIt;) cos(Awgty + y<GCTs) — Is2Slwsin(mIty) cos(Awdy + ysGTs) ] (7]
— JsSkeos(m i) sin(Awgts + yGTS) — Is2Sxklusin(mIty) sin(Awgts + ysGTsc) |

Since there are no further RF pulses following in the sequence, the (2 + 0)-quantum operators 1, S; and Syl cannot
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give an observable signal and will be ignored for brevity. Applying the second gradient pulse of intensity G with duration

of nT (i.e, gradient ratio = 1:n),

p(tlu tz = nT) = 27(N+M)

2

\

—JsSulys(ts) [ cos{ Awdy + ( 1

\

where c(t,) = cos(wJt;) and s(t;) = sin(wJty).

During thet, period we must consider the scalar couplings,
the dipolar interactions, and the Zeeman interaction. The
chemical shift evolution under the Zeeman interaction does
not change the order of coherences and the number of spin
operators. The J coupling and the dipolar coupling do not
change the order of coherences either, but can strip off the
spin operators to produce an observable signal (1-spin 1-
guantum operators). The J coupling produces an observable
signa from the operators of the type

J coupling
Szklyks(tl) —_— — |ka(t1)S(t2)

The intermolecular dipolar couplings can give an observable
signal in the following way:

( 1+ %| |Z|C(t1)COS(AW|t1 + ')/|GTS )

+ }S. lic(ty)[cos{ Awit; + (1 —n)y,GTs} — cos{ Awt; + (1 + n)y,GTs }]

1. . .
- E&Sl Lic(t)[sn{ Awty + (1 —n)yGTs } +sin{ Awty + (1 +n)yGTs }]
-3 12 Ss(ts) [ cos{ Awlty + (1 — ny—s> v,GTs } — cos{ Awlty + (1 + ny—s> v,GTs } ]
Yi Yi

_C\\Sllzisds(tl) |:9n{ACu'|t1 + (1 - n_>'}/|GTS} + Sn{AW|tl + <1 + n_>')/|GTS}:|
Y Y

1+ JsSuc(ty)cos(Awd, + ysGTS)

+ 2 R8u0(t)[008{ Aty + (1= 1)76GTS) — 008{ Awdts + (1+ 1) 7GTs} ]
— 2 3SuC(t) 8] Ay + (1= 1) 7sBT8} + Snf{ Aty + (1 +1)7GTs) ]

_n_

b ) ysGTsk} - cos{ Awd; + (1 +nZ ) 'ySGTsk} ]
Vs Vs

— n—>ySGTsk} + sm{AwStl <1 + n—)ySGTsK}}
Vs Vs

(8]

I—I dipolar coupling
Ixilzj Iyn

|-Sdipolar coupling
IxiSLk Iyi-

(9]

The J coupling can produce 1Q operators of the type I;S;
as well:

J coupling

lic(tz) + 1, Sis(ty). [10]

Ixi

The operator S, in Eq. [10] cannot be later stripped off by
the dipolar interactions because the I; spin and § spin are
in the same molecule if they are J coupled. Intramolecular
dipolar interactions are assumed here to be averaged away
by the rapid rotational motion of the molecule.
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Introducing the J coupling and keeping possible observable terms only gives

p(t, 1) = 27 (N+M)

( l + %| |ZiC(t1) COS(AW|tl + ')/|GTS )

+ %%I lic(ty)c(tz)[cos{ Awty + (1 —n)y GTs } — cos{ Awty + (1 +n)y,GTs }]

Silic(t)e(t)[sin{ Awty + (1 —n)y,GTs } + sin{ Awt; + (1 +n)y,GTs }]

NIH I\.)IH

31Sas(t1)s(t,) [cos{ Awt; + (1 — n1—5> y.GTs} — cos{ Awt; + <1 + n1—3> v,GTs }}
— %g‘g.sﬂs(tl)s(tz) [sin{Aw.tl + <1 n—) y.GTS} + sin{ Awty + <1 + n—) v,GTs }]
Y1 Y

L + unobservableterms

( 1+ %Sszkc(tl) COS(Au}stl + ’)/5GTS()

dsSka(tl)C(tz)[COS{ Awdy + (1 —n)yGTs} — cos{ Awdhy + (1 + n) ysGTs}]

2

% sSiC(tr)c(t)[sin{ Awgty + (1 — n)y<GTs} +sin{ Awdy + (1 + n)yGTs}]

1 Y [11]
+ E Jslus(t1)s(t2) [cos{ Awdy + <1 — ny—) ySGTsk} — cos{ Awdy + <1 + ny—) v<GTS }]

~ L s(t)s(t) [sin{Awstl + (1— n£>ysGTsk} + sin{Awstl + (1 + n£>ysGTsk}]
2 Vs Vs

| + unobservableterms

In the heteronuclear case where only the | spin is detected, Eq. [11] can be effectively reduced into

p(t, 1) = 27N+

<M

(1+ J15c(ty)cos(Awty + v, GTs)

+ %& lic(ty)c(ty)[cos{ Awt, + (1 —n)y,GTs} —cos{ Awt; + (1 +n)y,GTs }]

- %Sl lic(ty)c(t)[sn{ Awt, + (1 —n)yGTs} +sin{ Awt, + (1 +n)yGTs }]

\

(1 + JsSuc(t)cos(Awdh + y<GTs)
+ 1Qgslxks(tl)s(tz) [cos{ Awd, + < — n—> SGT&} s{ Awdy + <1 + n—> SGTskH
2 Ys Vs [12]

— 1\Cgs,lyks(tl)s(tz) [sin{Awstl + < — nﬂ>ySGTsk} + sin{AwSt1 + (1 + n—>ySGTsK}]
2 Vs Vs

\
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The terms multiplied by s(t;)s(t,) come from the coher-
ence transfer from the S spin to | spin as in a hetero-COSY
sequence, i.e.,

(r12), J coupling Zeeman
S
(x/2),
— 2S1,5(ty) 2S1,s(t1)
J coupling Zeeman
Ls(ty)s(tz). [13]

These terms cannot give any observable by themselves
(without dipolar couplings) after spatial averaging except
when n = +vy/y,. With intermolecular dipolar couplings,
the situation is different: 1Q operators of the form

/_L/_L,
Lilslac * *SiSm® -+

after (p + q) commutations with the dipolar Hamiltonian,
can produce an observable signal.

Expansion of Eg. [12] produces this type of operator
in two distinct ways. The terms multiplied by
ISP de(ty) c(t,) involve no coherence transfer between S
and | spinsdueto J coupling, and are analogous to the terms
retained in the coupling-free calculation. The others have a
factor of Js3PIes(t1)s(t,), and these terms appear due to
the coherence transfer from S spins to | spins as explained
earlier. We will denote each contribution as pp and p;. The
spatial modulations of these two types are different, and we
will treat each case separately.

A. Terms without Coherence Transfer Due to J Coupling

The terms with 3,373 2 (1, component) can be written
as

119

§|xic(t1)c(t2)|z11|zjz‘ ©* SiSpe

x{c(ty)} P [cos{ Awty — (n—1)y,GTs }
—cos{ Awt; + (n+ 1)y, GTs }1]

p
X \

[COS(A(Uﬂl + ')/|GT§1) COS(ACUJ]_ + '}/|GT§2) b ']

q
X - .
[cos(Awd; + y<GTs1)cos(Awdy + ysGTs32) * * *]

Note that we change the indices

p q p q
—— > ——
Izjlzk" Sdszm" Izjllsz"'SdlszIZ."

to avoid confusion. The product of cosine functions must be
converted into a sum of cosines to evaluate the effect of the
spatial modulation. The

p
éOS(Au)|t1 + 7|GT§1)COS(Aw|t1 + ’)/|GT§2)' * "

factor will lead to terms of the type cos{ mAwt; +
vGTs(m)}. This term evolves at a frequency of mAw,
during the t; period, and represents m-quantum coherence
in the | spin. For compactness, we define s(m) as one of
the combinations of terms with the difference between posi-
tive and negative signs of s being m; for example, 5(1) for
thep = 3 case can beone of (51 + S2 — S3), (S1 — S2 +
S3), and (—S1 + S2 + S3). Then the first part of Eq. [14]
would have terms like

p q

cos{ Awt; + (L — n)y,GTs} X (I:os(Aw.t1 + v/ GTs1) - - N E:os(AwStl + vyGTS1)* >
= cos{ Awit; + (1 — n)y,GTs } cos{ mMAwt; + vGTs(m)} cos{ kAwdt; + y<GTs (k)}
cos{ (m+ 1)Awt; + kKAwd; + (1 — n)y,GTs + y,GTs(m) + y<GTs(k)}
1 | tcos{(m + 1)Awit; — KAwdy + (1 — n)y,GTs + y,GTs(m) — y<GTs(k)}
4 | +cos{(m— 1)Auwt, — KAwd; — (1 — n)y,GTs + vGTs(m) — yGTs(k)}
+cos{ (m — 1) Awt; + kKAwdy — (1 — n)y,GTs + y,GTs(m) + y<GTs(k)}

=(A+B+ C+ D)/4

[15]
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The coherence transfer pathway that passes the gradient filter
is selected by adjusting n. The terms that survive after spatia
averaging due to the gradient pulses should not depend on the
absolute position of the spins (11). For the Aterm in Eq. [15],
a nonvanishing signd is obtained when y,(1 — n + m) + yk
=0,i.e,m+ 1=n— (ysv)k Smilaly theB, C, and D
terms do not vanishwhenm+ 1 =n+ (ys/y)k,m—- 1=
—n + (ys/y)k,ahdm — 1 = —n — (ys/y)k. The resulting
spatial part becomes cos{ y/GT(s:1 — §)} - - - cos{ y<GT(s1 —
S)} - - -, which depends only on the relative postion of the
soins (11). Then we can rewrite Eq. [15] as

cos{(n — k") Awit; + KAwdi} ms1nk
1 + cos{(n + k") Awit; — kAwd1} Smransk
4 +cos{ (n — K")Awt; + KAwd1} dm-1—nix
+ cos{(n + K')Awt; — KAwdt1} 6m-1,-n-k’
X cos{ yGT(s1 — §)} - - -cos{ ysGT(s1 —s)} - - -,
[16]

where K = (ys/yi)K.
This can be smplified by considering the relation (29)

z nC(n—m1)2€0S(M8),

m=-—n

1
cos"9 = —

o [17]

where \Cratineger = 0 and Cx = n!/k!(n — k)!. Then the
first part of Eqg. [14] can be written as

1 p q
5 Lic(t)c(tz) Lialge®  * SuiSues - - {c(ty)}rr

X

cos{ Awt; + (1 — n)y,GTs }

2P+q

p
X > oCrp-imp2Cos{ MAwt, + §(m)y,GT}

m=—p

q
XY ¢Cuaiky2Cos{ KAwdts + s(K)ysGT},

k=—q

AHN, WARREN, AND LEE

which leads to
p q
— we(t)e(ta) lhalgzr « ¢+ SuaSuee -+ {c(ty)}Pre
1
X Sprars Z pC (o Imly/2 Z aCa-Ikiyz

m=—p k=—q
COS{ (n - k,)ACL)|t1 + kAwStl} 6m+l,n—k’

+ COS{ (n + k’)AL&htl - kA(,L}Stl} 6m+1,n+k’
+cos{(n — k") Awit; + kKAwdi} b1 —neke

+ COS{(n + k’)Aw,tl - kAu)stl} 6mfl,7n7k’
X cos{ yiGT(s1 — §)} - - ~cos{ ysGT(s1 — §)} - - -
=A"+B' +C’+D' [18]

The first and third terms in the brackets of Eq. [18], which
we label A’ and C’, are the same, and so are B and D', A’
and B’ differ only in the sign of k, asdo B’ and D'. There-
fore we can choose A’ as a representative term, and we
obtain

L p q
§|xic(t1)c(t2) Lialgo® = * SinSua + - {c(ty)}PHe
1 q
X2p+q+2kz dCa-1kny2eC p-In-k-11y2
=—q
x cos{ (n—k")Awt; + KAwds}
x cos{ yiGT(s1—s)} - -cos{ysGT(s1—s)}- -~

[19]

The second part of Eg. [14] can be obtained by changing
the sign of n. Again all four termsasin Eq. [18] are equiva
lent, and D gives the same expression as in Eq. [19]. The
multiplying factor becomes ,C - m|y2 = pCp- |n-k'+1)y72- The
lyi component from Eq. [12] is obtained analogously. Col-
lecting all pieces together, we get

~ bt e 1 1
PRI = JPTIR T e(t)} P () S pigt oCa-1k12(Cp-in-k-1372 = pCop-in-ic+11y12)
— q -
— Ys
|Xi|Zjl|ZjZ. * 'SMSM' A COS{(” - k_>AUJ|t1 + kAwstl}
Y1
XSS o ¥ D [20]
i+ jl+ *l1+ —_—
_Iyilzjllsz' * °SMSAZ' ° Siﬂ{(ﬂ — k= >AW|tl + kAwstl}
Y

| X[cos{y,GT(s1 —s)}""

~cos{ ysGT(s1 — 5)} -]
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Note that 1/p!q! is necessary to convert the ordered sum
(j1<j2<j3< ---)intotheorderlesssum (j1 = j2 #
j3# -+ ) [cf. Eq.[28] in Ref. (11)]. The coefficient term
can be written as

1
gt Ca-kn2(GCop-n-k-1132 = pCop-in-r+1312)

1
9+l_(l_q_l_(|
2 2 2 2
n—k’
p+1+n—k’ | p+1 n-Kk |
2 2 2 2

(p,a)—~(p’,q")

y 1 n— k’
q’''(q’ + k) p'(p’ + n—k")!

: [21]

wherep’ = (p—n+ k' + 1)/2andq’ = (g — k)/2 (i.e,
p=2p'+n—-k'—1andq=2q" + k).

The heteronuclear and homonuclear dipolar Hamiltonians
convert the multispin operators into the observable single-
spin operator [cf. Eq. [67] in Ref. (11)], and Eq. [20] can
be written as

.
pb™

— 27(N+M+1)%F+1cl\s%{ C(tl)} p+g+1

N
X o(i)t8" 3 (~1)¢ b

i=1
q
X z [Ixisln{(n - k’)Aw|t1 + kAWSt]_}
k=—q
(n — k)
p't(p" + n—k')!

N 3 2p’+n—k'—1
x (z 2 Dyoos(%6T(s ~ )} )
=1

1
a’'(q" + k)!

x (Ig 2 Dlfoos{ 7GT(s — 5)) ) e
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Summing up all observable terms, we get

po(ty, t2)
N g
— 2—(N+M+1)%IC(t1)C(t2) z z (_l)(n—2+k—k')/2
i=1 k=—q
X [Iysin{(n — k") Awt; + KAwd;}
+ 1yicos{ (N — k") Awit; + KAwd}]
X (A)H(n - k)

(N=n+k’)/2

(_1)p, I\ 2p’+n—k’
X ’ ' ’ (A') o
péo p''(p’ + n—k')!
(M—k)/2 ,
(_1)q 1S\ 29’ +k
X —————— (A{%)" 7, [23]
2, TG + )
where
N
N 3
Al = Jc(t)t, > 2 Difcos{ v/GT(s — s)}

i=1
M

A= Jsc(t)t, ¥ % Difcos{ ysGT(s — s)}-

I=1

We can express A; in terms of the dipolar demagnetizing
t|me, Ta = ('}/|ILLQM|0) -1 and Tds = ('}/S'LLoMg) -1 [Cf Eq [78]
in Ref. (11)], as follows:

1t
— =2 cos(mdty),
2 Tdl

Al =

AS = — Int cos(7Jty).

3 vs Tas

[24]

From the series expansion of the Bessel function

©

_1k 2k+v
- Iety ()

Eqg. [23] can be simplified to

po(ty, t2)

_ 2—(N+M+l)%|COS(’]]‘Jtl)COS(TrJtZ) z

z in—2+k—k’
i=1 k

X [Ixisln{ (n - k’)AQJ|t1 + kA(.ustl}
+ 1icos{ (n — k") Awit; + KAwd}]

X (A 7THN = K) I (201 (207°). [26]
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Finally, we put the t, evolution under the chemical shift,
p%bs(tl, tz)

N
=27 (MK cos(mdty) cos(mdty) Y Y in AN
i=1 k

X (A7 = K7) Jy e (A1) (2A19)

[ 1i{ cos(Awt)sin[(n— k') Awt,

+ kKAwd;] — sin(Awty)

x cog[(n—K")Awt; + KAwdi]}
+1i{ cos(Awitz)cos[ (n — K') Awty
+ kAwd;] + sin(Awity)
xsn[(n—k')Awt; + kAwd;]}

[27]

The signa from the density matrix in Eq. [27] is [cf. Egs.
[78] and [81] in Ref. (11)]

M5 (t1, t2)
= Tr{p(ts, )y (l + ily)}

R ("

Xy in K OmrSexp (i Awt,) cos(r ty)
k

X cos(mdty) X (n — k7—5><

Y

Tdi )
t,cos(mJdt;)

p q
—

1 —
5 lis(t1)s(t2) ljalz2e =S4 Suee -+ - {c(t)}r

X [cos{ Awd; + <1 -n ﬂ)ySGTQ} - cos{ Awd; +

Vs

r
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t,cos(mwJt
X Jn—k(75/7|)<_ %p)
o Jk<_ 2y tzcos(m]tl)> . (28]
37vs Tds

Thisisthe signal that arises without coherence transfer from
the S spins to the | spins due to the J coupling. If the two
spins are not J coupled, substituting J = 0in Eq. [ 28] gives
the signal from the intermolecular heteronuclear coherences
due to the dipolar interactions:

MI+

Y
k7—3>
Y
Tl tz 2y b
X | — | -l —-=——]. [29
( t > k(va’w)( le) k( 3 vs Tds) [ ]

This result is compared with a simple classical calculation
in the Appendix; as we discuss in Section |11, the classical
calculation is simple only if the J couplings are ignored.

X exp(iAwty) X Y i"”k(lwﬁ)(n -

k

B. Terms with Coherence Transfer Due to J Coupling

The procedure is completely equivalent to the previous
case. The terms with I PI L are of the type

(2

b ~ -
X

[cos(Awit; + v/ GTs1)cos(Awity + 7, GTs,) - « -] [cos(Awdy + ysGTs1)cos(Awds + y<GTs32) - ]

5 N
[30]

When we convert the product of cosines into a sum of cosines, we obtain

p q

cos{ Awgly + (ys — ny)GTs} X ,cos(Aw.tl + yGTs1) - - -‘c':os(AwSt1 + yGTs4) - - .
= cos{ Awd; + (ys — Ny)GTs } cos{ MAwt; + y,GTg(m)} cos{ kAwd; + y<GTs(k)}
cos{ mAwity; + (k + 1)Awdy + yGT(s(m) — ns) + yGT(s(k) + s)}

_ 1| +cos{mAuwt, + (k- 1)Awd; + y/GT(s(m) + ns) + yGT(s(k) — 5)}
~ 4| +cos{mAwt; — (k+ 1)Awds + »GT(§(M) + ns) + yGT(s(k) + 5)}

[31]

+ cos{ mAwt; — (k — 1) Awd; + »GT(5(m) — ns) + yGT(s(k) — s)}
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For the first term to pass the gradient filter, we need m = n — (vs/y,)(k + 1). The order of coherence of S spins is
(k + 1). The resulting signal will be cos{ (n — (k + 1)")Awt; + (k + 1)Awd,}, where (k + 1)" = (k + 1) (ys/y)
as before. Then the term multiplied by cos{ Awd; + (1 — n(y,/ys))y<GTs} in Eq. [30] is

1 ,_/L’_L 1 P q
> Las(t1) S(t2) lga g2 + = SuaSaze + - { €(ta)} P oprar2 2 Co-impz 2 Ca ik

m=—p k=—q

cos{(n — (k + 1) )Awt; + (k + 1) Awdi} dmn- sy’
+ COS{ (I’] + (k - 1),)A(A)|t1 - (k - 1)AL{.}ST.1} 5m,7n7(k+1)’

1+ cos{(n = (k+ 1)) Awity + (K + 1) Awdh} Smns gra)
+ COS{ (n + (k - 1)')AW|t1 - (k - l)Awstl} 6m,n—(k—1)'
X cos{y,GT(s1 — s)} - -cos{ysSGT(s1 —s)}---. [32]

Again, these four terms contribute in the same way, and we The second term in Eq. [30] which is multiplied by
can rewrite Eq. [32] as cos{ Awd; + (1 — n(y,/ys))ysGTs } isobtained by chang-
ing the sign of n, which can be written as

p q
1 —— . P
_|xistst|_|_... S
2 ( 1) ( 2) Z11Z72 SAISAZ 5 Ixis(tl)s(tz)lzjllzjz' . 'Szll%Z' ..
1 q
X {c(ty)} P C C o |n—(k+1)’ 1 2
{ ( l)} op+a kzq g~ (g—Ik[)/2p™~ (p—|n—(k+1)'[)/2 X {C(tl)}mq oo z qc(q—|k\)/2pC(pf\nf(k+l)’\)/2

k=—q

xcos{(n— (k+ 1))Awt; + (k+ 1)Awd}
x cos{ y,GT(s1 — s)} " -
X cos{ ysGT(s1 — §)} - -+

x cos{(n— (k—1))Awt; + (k — 1)Awd;}
x cos{y/GT(S1 —S)}- -

= 5 |xiS(t1)S(t2)|zj1|z,'2' ©SiSpt = E Ixis(tl)s(tz)lzjllzjz° <+ S1Spn
1 g+1 a1
X {C(tl)} o 2r+a k—éﬂ qC(q7‘kill)/zpC(pi‘nik,‘)/z X {C(tl)} Pr 2F:)L+q z qc(qf|k+1\)/2pC(p*\n—k’\)/2
- k=—qg-1

x cos{(n — k') Awt; + kAwd;}
x cos{ y,GT(s1 —S)} - -~

x cos{(n — k') Auwt; + kKAwd;}
x cos{ y,GT(s1 — s)} - -

X cos{ ysGT(s:1 — §)} - - -. [33] x cos{ yGT(s1 — §)} - - -. [34]
Then the net signal is
+ o~ poy — + 1 l
pIY = P2 N MIs(t) s(t,){ c(ty)} P 2P 1 pigl X 3 oCp-in-ky12(Ca-tk-1iyrz = Coa-iks1iyr2)
lq! <
Ll o | Ys
xilgilzz2* ° 'SMSM° -+ COSs n— k7 AW|t1 + kA(.L)St]_
|
XSS e 3 e ,_/L 9 [35]
i+ 1+ 1+ —lyil41lg20 - S Sape - Sil’l{(h - k’;ll—s> Awty + kAwstl}
|
« [ p q ]
cos{ iGT(s: — s)} - - ~cos{ ysGT(s1 — s)} - - - 4
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The coefficient term can be simplified as

1

olgl oCto-int3/2(Cea- -1z = «Cora-ikr1iyr2)

k
<q—k+1>l q+k+1>I
2 ' 2 '
1
X
p—n+k’I p+n—k"
2 ' 2 '

(p,a)—~ (P, Q")

k 1
g''(gq’ + K)!'p't(p" + n—Kk")!

, [36]

wherep’=(p—n+k’)/2andq’' = (q— k+ 1)/2(i.e,
p=2p’'+n—-k'andq=2q" + k—1). Notethedifference
in the definition of (p’, q") from the previous case (see
Eqg. [21]).

Following the same procedure from Eq. [ 20] to Eq. [27],
we obtain the expression for the final density matrix

obs

P

= 2 (MO X sin( 7 Jt,) sin( 7 Jt,) > > j kg
i=1 k

X (A1®) 13, (A1) I (2A19)

[ 1i{ cos(Awt,)sin[(n — K') Awt,

+ kAwstl] - SiI’I(Aw|t2)

x cos[(n — k") Awt; + kAwd;]}

+1i{ cos(Awty)cos[(n — K") Awty

+ kAwStl] + sn(AW|t2)

X Sn[(n - k,)A(.Lhtl + kAu)Stl]}

[37]

Therefore the signal induced by the coherence transfer from
Sto | dueto J coupling is

Ml;r(tlv tZ)

= Tr{ p(ts, L)y (lx + ily)}
.

Vs

X z in+l+k(lfys/'y|)
k
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% exp{—i[(n - kZ—S)AM + kAws}tl}
|
Tds

3 s t,cos(mJty)
Kl = ———=~ | kegn | ————
2 Yi tzCOS(TrJtl) Tdl

y Jk<_ 2y tQCOS(TI'Jtl)> .
3ys Tds

[38]

Note that the signal intensity is proportional to the equilib-
rium magnetization of the S spin, scaled by the ratio of the
magnetogyric ratios of the two nuclei. This arises from the
fact that the source of the signal is the S spins as indicated
in Eq. [12].

C. Heteronuclear CRAZED Sgnal

The total signal is the sum of the two contributions with
and without the coherence transfer due to J coupling. Adding
Egs. [28] and [38], we obtain

M{(;al (tlv tZ)

=My Y i”‘“"‘l‘"’d%)exp{ —i(n - kb> Aw.tl}
k

Y
X exp(—ikAwd ) exp(iAwt,)

t2COS(7TJt1)> 3 < 2y, tzcos(th1)>
REOSITT) ) 5 — SN 2O Ta)

X In-k(rdv) <— 3
Td Vs

Tds

X [cos(thl)cos(thz) < n-— k7—3>

Y

Tdl . .
x(tzcos(ertl)> sin(mJdty) sin(w Jt,)
Xy_sk<§7_SL>] ' [39]

71\ 2y tcos(mdty)
This explicitly shows that two-dimensional Fourier transfor-
mation will give multiple peaks located at F, = (n — K(ys/
1)) Aw, + KAws and F, = Awy, where (n — k(ys/71))
and k represent the order of coherences of the | and S spins
during the t; period, respectively. The order of coherences
should of course be integers; this is also clear in Egs. [18]
and [ 32], which were obtained from the condition to pass
the gradient filter. Note that the k-quantum coherence in the
S spins is combined with (n — k(ys/y,))-quantum coher-
ence in the | spins; that is, k is scaled by the ratio of the
gyromagnetic ratios. The total order of coherence may be
regarded as n quantum as in the homonuclear case for 1:n
gradient pulses. Note that the signal intensity is proportional
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to the product of the two Bessal functions whose orders
represent the order of coherences of the two spins.

Equation [ 39] is quite general, and can be applied to both
homonuclear (y, = ys) and heteronuclear (y, # ys) cases.
However, care must be taken for the homonuclear case.
Equation [39] is valid if the resonance frequencies of the |
and S spins differ by much more than the reciprocal of the
dipolar demagnetizing time 74 (~3 Hz for pure water), and
by much more than the reciproca of the J coupling. If
instead the resonance frequency difference is much smaller
than the reciprocal of the demagnetizing time, the factor of 2/
3 should be removed in Eq. [ 39]; if the resonance frequency
difference is much smaller than the J coupling, the spins
are magnetically fully equivalent, and J = 0 should be sub-
dtituted into Eq. [39].

The most useful type of heteronuclear coherence would
be double-quantum and zero-quantum coherences involving
1Q coherence in the | spin and 1Q coherence in the S spin.
For the *H and **C heteronuclear case, we have ys/y, = 1/
4. For then = +5/4 case, we get the double-quantum peaks
located at (F1, F,) = { ¥ (Aw, + Aws), Aw, } . Theresulting
signal can be written as

Mlz-é(tlu t2)
= iMpexp(iAwt)exp{ Fi (Aw, + Aws)ty}
X J1< — M)\h( 2y tchS(WJt1)>

Ta 3 s Tds

< | costrayoste ) (oo

— sin(rdt)sin(r )

% Vs <§ Vs Tds [40]

i \2 ; t,cos(7Jty) ) } .

The zero-quantum peaks obtained if n = +3/4 are located
a (Fi, F2) ={F¥(Aw, — Aws), Aw}, and the signal is

MI{Q(tl: tz)
= iMpexp(iAwt)exp{ Fi (Aw, — Aws)ty}

« Jl<_ M) Jl(_ 2y tzcos(mtl)>

Td 3vs Tds
Td
X | cos(mJty)cos(wJt —_———
[ (mJt) cos(r 2)<t2008(7rJt1)>
+ sin(rdt) sin(r dt)
xYe(3ys__Tas )| [41]
Yi 2 Yi tZCOS(FJtl)
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It is important to notice that the peaks observed in the
indirectly detected dimension (see Fig. 2) areatriplet while
a doublet was observed in the directly detected dimension.
Thisis clear evidence that the coupling was due to the inter-
molecular dipolar couplings. If the coupling were due to the
intramolecular J coupling, the 2Q and ZQ spectra in the
indirectly detected dimension would have been singlets
(28). For an intermolecular 2Q or ZQ transition (involving,
for example, the proton on molecule 1 and the carbon on
molecule 2), the remaining two spins (proton on molecule
2, carbon on molecule 1) can be aa (adding 2J to the
transition frequency ), 86 (subtracting 2J from the transition
frequency), or a8/ Ba (leaving the transition frequency un-
affected).

Also notice that the 2Q and ZQ signals are different in
the sign of the second term. To verify the effect of J coupling
in peak multiplicities we can take the Taylor series expansion
J1(X) = x/2 for the Bessel functions in Egs. [40] and [41],
which is valid for early times in t,. This gives

MI+(AW| + AWS, A(U|) x A(l + COS(ZT(Jtl)/Z)

X cos(wdt,) ¥ B sin(2xdty)sin(wdty), [42]
where A = (1/6)(71/7ys)(to/ 7as) and B = (1/8) (ys/ vi) (ta/
Ta). The upper sign is for the double-quantum case and the
lower sign is the zero-quantum signal. Along the indirectly
detected dimension, the A term gives in-phase peaks whose
intensitiesare 1:2:1, and the B term produces antiphase peaks
with relative intensities of 2:0:—2. The antiphase nature of
the B term makes the two outer peaks asymmetric, which
originates from the coherence transfer due to J coupling. For
neat *CHCI;, A: B = 1:3. Therefore the rel ative intensities of
a triplet peak along the indirectly detected dimension will
be 7:2:-5 for the double-quantum signal while that of the
zero-quantum signal will be —5:2:7. This explains why the
peaksin the experimental spectrain Fig. 2 runinthe opposite
direction for DQ and ZQ sequences.

Figure 3 shows numerical simulations based on Egs. [ 40]
and [41]. They agree fairly well with Eq. [42] obtained by
considering only the first-order term in the series expansion.
The outer peaks appear larger than the middle peak, which is
contradictory to the experimental result (Fig. 2) . However, it
is very difficult to predict the relative intensities quantita-
tively since we ignored all the other effects (e.g., relaxation,
radiation damping, diffusion) except the dipolar and J cou-
pling which can affect peak intensities.

In principle, we would expect higher-order intermolecular
cross peaks. For the case of n = 3/4 and k = 5, multiple-
guantum coherence evolving at 2Aw, — 5Aws during the t;
period will passthe gradient filter too. However, these peaks
are not observed experimentally because their magnetization
is modulated by the product of higher-order Bessel functions
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FIG. 2. Two-dimensiona spectra (256 x 2K data points each) with detection of *H magnetization on a Varian 600-MHz Inova NMR spectrometer
at 298 K. Carbon-13-enriched chloroform (99%) was purchased from Isotec Inc. and used without further purification. Neat **CHCI; solution was used
for our experiments. The sample was contained in a 5-mm-o.d. NMR tube and sealed. We used about 6.7 X 1073 M ferric acetylacetate as a relaxation
agent to reduce the T, of carbon from 22.0 to 9.5 s, thus shortening the experiments. Gradient strength G is 18 G/cm, and T is 4 ms. Proton and carbon
resonance offsets are —500 and —1000 Hz, respectively, and the J coupling constant is 210 Hz. The pulse repetition delay is 60 s. (a) Ratio n is
—3/4. Zero-quantum triplet cross peaks appear at F, = —500 Hz, F; = 500 Hz (Awy — Awc). (b) Ratio n is —5/4. Double-quantum triplet cross peaks
appear at F, = —500 Hz, F; = —1500 Hz (Awy + Awc). The relative intensities of two outer peaks in a triplet (same position in F,) are different
between DQ and ZQ cases. A simple phase cycling(+) on the first carbon 90° pulse and receiver phase eliminates the residua proton SQ coherences
(since the gradient ratio is closer to —1); however, we also lose some information about the J coupling effect on DQ and ZQ coherences (see

Ref. (17)).

(i.e., J, X Js5), whose intensities are much lower at the
short times where relaxation processes have not yet begun
to dominate. This effect is exacerbated in our case since 74
is 64 times longer than 4, meaning that the maximum of
higher-order Bessel function occurs at times much too long
to escape relaxation.

I11. DISCUSSION AND CONCLUSIONS

The quantum calculation isinvolved because many differ-
ence coherence transfer pathways, both intramolecular and
intermolecular, must be considered. However, the calcula-
tion shows explicitly that the quantum mechanical picture,
with its intuitive power, can still be used to visualize the
effects of intermolecular dipolar couplings even when the
spectrum is structured by internal couplings.

It would be possible to also extend the nonlinear Bloch
equations into nonlinear master equations which explicitly
handle the spin operators within each molecule, and then use
the mean field approximation to couple molecules. However,
with two spins in each molecule, this means that in general
15 independent equations (all the products 1,S; and all the

terms |, or S;, where @ and 8 can be X, y, or z) must be
considered. For the heteronuclear CRAZED sequence, al of
the zero-quantum terms except for 1, and S, (which give the
demagnetizing field) and all of the two-quantum terms can
beignored in both t; and t,, since they do not |ead to observ-
able signal. Thus only 10 independent equations (l, Iy, I,
S, LS, S, S, S, S, and §1,) would have to be solved,
but this is still substantially more complex than the uncou-
pled spin case. Such an approach is discussed formaly in
Ref. (15), although no explicit signal calculations are done
there; our paper is the first calculation which produces an
analytical result in the presence of couplings.

The classical and quantum results will give the same an-
swer; the boundary between solid-like behavior, where
quantum and classical pictures are expected to deviate, and
liquid-like behavior has been treated in detail elsewhere
(30). The classical picture may have some computational
advantages, asit does in the absence of J couplings, because
radiation damping and diffusion can be included. However,
the most important use of the quantum picture, asin previous
work, isto give an intuitive picture and to predict the effects
of new pulse sequences, since the properties of multiple-
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Simulations of two-dimensiona spectra based on (a) Eq. [40] (DQ coherence) and (b) Eq. [41] (ZQ coherence) with same resonance

offsets and J coupling constant of the experiments in Fig. 2. The outer peaks in both simulations are larger than the middle peak (see text).

guantum coherences are well understood. Thus, inclusion of
intramolecular couplings into the quantum picture gives a
strong foundation for devising the next generation of experi-
ments.

APPENDIX

Classical Calculation Based on Modified Bloch Equations
for a Multicomponent System

For comparison, we present here the classical calculation
based on nonlinear Bloch equations for the case where there
are no scalar couplings. At equilibrium, the magnitude of
the magnetization which is al on the z axis is given by

i

=
I

— 3 {MJcos(Awt; + 7,GT2)}

J

After the second 90° pulses followed by the chemical shift
evolution during t; and the first gradient pulse, the longitudi-
nal and transverse components of the magnetization are

M, = — 5 {Mjcos(Awjt, + v;GTz)}
j

M* =iM, =i T {Misin(Auwt, + %GT2)}, [A2]
i

where Aw; and vy; are the resonance frequency in the rotating
frame and the gyromagnetic ratio of the j spin, respectively.
For simplicity in notation, we transform t; + T into t; and
t, + nT into t, after the gradient pulses. After the second
gradient pulse and precession during t,, we can have the
following equation if the resonance frequency of each spin
differs by much more than the reciprocal of the dipolar de-
magnetizing time,

ij'tz + y,—nGTZ - T(IjltZCOS(ijtl + ’)/]GTZ)

<
+
I

iy | Misin(Awt, + v,GTz)exp i
i

2 v
- > [— % T gt tocos( Awdy + ykGTZ)] '

k=#j

[A3]

Yk

where 74; is the dipolar demagnetizing time of the j spin. Using the identity

©

exp(izcosf) = > iMIn(2)exp(imd),

[A4]

m=—o
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the observable single-quantum magnetization becomes

M+
m=—c dj

Il
-M

i

K+ 3 Yk Tk

mg=—o

To find the effect of spatial modulation, we collect al the
position-dependent terms as

{exp(iy;GTz) — exp(—iy;GT2)}
X exp(iy;nGTz) > exp(iy;mGTz)
m
X [ [ exp(ivanGT2)]

k=) mg

= % > [expi{(n +1+m+ > m(i—l‘))ijTz}

my k]

- expi{(n -1+m+ gj m(%‘))%GTZ}] .

[A6]

In order for a magnetization to be nonzero after spatial aver-
aging, one of the expressions in Eq. [47] must be constant
with respect to position and thus must have a coefficient of
zero for the z direction. Therefore, we require the following
condition for there to be a signal:

—(n = 1).

e gnf2)-

k=#j ]

Using the Bessel function relations J_,(x) = (—1)"J.(X)
and J, 1(X) + Jui1(X) = (2n/x) I, (X) the resulting signa
can be written as

M+

= (M S Mexp(iAwit,)
j

confo(o 2 n(2) oo

Mé %{exlo i(Awty + ¥;GTz) — exp(—i(Awjt, + ¥GTz))} exp i (Awit, + ¥;nGTz2)

Xy i”‘jJ,q<— E)exp i(MmAwt; + ymGTz)
T

> i”‘KJW<— 2% t—z)exp i(mAwd; + ykaTz)}

AHN, WARREN, AND LEE

[AS5]

Yk T dj t;
X{n-— — — | I - —
( g] mk( Yi >> < t; ) e Ekm‘(w/y’))< de)

x exp(—imkAwktl)Jmk<— gﬁt—2> . [AT7]

K=j 3 Yk Tdk

In the case of a two-spin, | and S system, this equation
becomes

MI+

= i””k(lys”')M'oexp{—i<n - ky—S>Aw.tl}
Y

Ys\ [ Ta t
X{n=—k=]|l—]J- - —
( Y ) ( tz ) kwdw)( le>

XJk<_gﬂ£> ,
3 vs Tas

which is exactly the same as the result from the density
matrix calculation, Eq. [29].

[A8]
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